Homework 9
Real Analysis

Joshua Ruiter

March 23, 2018

Proposition 0.1 (Exercise 9). Let F' be a closed subset of R and define 6 : R — R by
d(z)=d(z,F) —inf{|lz —y| :y € F}
Then

lim —5@: +y)

-0
y—o |yl

for almost every x € F.

Proof. Suppose that = is a Lebesgue density point of F. Then z is in the closure of F', so
d(z) = 0. Obviously, I’ covers at least m(F N[z, z+|y|]) of [z, z+|y|], so there is some point
in F' within at least distance |y| — m(F N[z, 2 + y]) of x + |y|, so

oz +yl) < [yl —m(F N[z, z+[yl])
If we use [z, x + y] to mean [z + y, x] when y < 0, we have more the more general estimate
oz +y) <yl —m(F N[,z +y])

Now we have

limMS lim |y|—m(Fﬂ[x,x+y]): i (M_m(Fﬂ[ZL’,ZL‘—f-y])
=0 |y ly|—0 ly -0 \ |y] m([z, « + ]

Since x is a point of Lebesgue density of F',

oy EN [zt y))
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Since 6(x +y) > 0 for all x,y, each term §(z + y)/|y| is non-negative. Thus if the limit is
less than or equal to zero, it must be zero. O



Proposition 0.2 (Exercise 9). There exists a function f: R — R such that f is increasing,
f is discontinuous on Q, and f is continuous on R\ Q.

Proof. Define a function

h(x):{o z <0

1 >0

Fix an enumeration {g,}n,=1~ of Q. We define a sequence of functions f, : R — R by
fa(@) =Y 2Fh(z — g)
k=1

Intuitively speaking, we introduce a jump of height 2% at the kth rational. Since 0 <
h(x — qr) < 1 for all x,k, we have the bounds 0 < f,(xz) < 1 for all z. Notice that f,
is increasing (with respect to n), so it converges to a pointwise limit at each z. Define
f:R—=R by

f@) = lm f(x)

We claim that f is increasing, discontinuous on Q, and continuous on R\ Q. First, it is
increasing because each h(z — g) is increasing so each f,, is increasing. Then the pointwise
limits must also be increasing, so f is increasing. Second, f is discontinuous at each ¢ € Q
by construction. There is a jump discontinuity of heigh 27 at g,. We have

lim_f(x) > f(g)

T—qp

But
lim f(z) < f(gr) — 27"

T—q;,

so f cannot be continuous at ¢x. Finally, we claim that f is continuous at x € R\ Q.
Fix 2o € R\ Q and let ¢ > 0. Choose n € N large enough that 27" < ¢, then choose
0= %min{ql, ..., qn}. Because xy is not equal to any ¢, ..., q,, we then have (xg — d, 29 +
§)N{qi,...,q.} =0, so all of the jumps of heights 271, ... 27" happen outside the interval
(2o — 0,29+ 9). So the maximum increase of f on this interval is the sum of all other jumps,
that is,

v — x| <6 = |f(x) = flzo)l < D 27F=2"<e
k=n+1

and since we chose n large enough that 27", we have the required estimate for |f(x) — f(xo)|-
Thus f is continuous at xg.
[l

Proposition 0.3 (Exercise 11, part one). For a,b > 0 define

~ Jatsin(z?) 0<az<1
L

Then f is of bounded variation on [0,1] if and only if a > b.
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Proof. First suppose that a > b. For x # 0,
f'(z) = az® 'sin(z ™) — bx® ! cos(x7?)

Recall that the Reimann integral fol |f'(x)| is defined as a limit of Riemann sums over all
partitions. Note that for any partition 0 =ty < ... <ty =1,

SO 1) — fla)] < / 1/ (@)ldz

where the integral on the right is a Riemann integral. Thus the total variation of F', which
is the supremum over such partitions, is bounded above as well.

N 1
Ty(ab) =sup Y- |fwn) ~ )| < [ |f(o)lds
k=1 0
On (0, 1], the function f is continuous, so by the fundamental theorem of calculus,
1 1
/ If(2)] < / laz®sin(z7°) — bz " cos(z70)|dx
0 01 1
< / laz® ! sin(27°)|dx + / bzt cos(z7?)|dw
0 0

1 1
g/ ax“lda:+/ b
0 0

=1+

< 0
a—>

Note that we used the fact that a,b > 0 and a — b > 0 in integrating. Thus f is of bounded
variation on [0, 1]. Now suppose that a < b. We will show that f is not of bounded variation.
Define

tor = (27Tk + 7T/2)_1/b top+1 = (271’/{5)_1/b

As a preliminary computation,
f(tar) = (2rk +7/2)~ P sin(2nk + 7/2) = 27k + 7/2) "/
f(tapsr) = (27k) b sin(27k) = 0
|f (tors1) = f(taw)| = | f(tar)| = 27k +7/2)7/"
[f (o) = ftar—1)| = [ f(tar)| = (27K + 7/2)~"

Then the variation of f on this partition is

N N
D 1f(tn) - => @k +m/2)7"
n=1 k=1

The total variation is the at least as big as the limit as N — oo of this sum,

Ty(a,b) > Y (2mk +m/2)~/"
k=1

3



We assumed that a < b, so a/b < 1. Thus the series diverges by comparison with a p-series,

so f does not have bounded variation on [0, 1].

Proposition 0.4 (Exercise 12, part one). Define

Flz) = ?’sin x#0
0 z=0

on [0,1]. Then F'(x) exists everywhere.

Proof. For x # 0, we can use standard differentiation techniques to get

1 2 1
F'(z) = 2zsin — — = cos —
(x) = 2z sin i

which exists for all x # 0. At = 0, we apply the definition of the derivative to get

_ F(h)—F(0) . h’sin 1
/ — —_— = —h — Ta
F(0) = Jim h e — pm fsin ;2

We have —h < hsin h—12 < h for h # 0, so by the squeeze theorem,

) 1
}ILILI(I)hSHlﬁ =0

so F’(0) = 0. Hence F'(x) exists for all x € [0, 1].

]

]

Proposition 0.5 (Exercise 12, part two). Let F' be as in the above proposition. F'(x) is not

integrable on [—1,1].

Proof. First, note that it is sufficient to show that F'(z) is not integrable on [0, 1], because

we have the symmetry |F'(z)| = |F'(—x)|, thus

/11 |F'(2)|dz = 2/11 |F'(2)|dz

So it is sufficient to show that the integral from 0 to 1 is unbounded. In general for real

numbers a, b we have |b| — |a| < |a — b], so for z # 0 we have

1
stmﬁ‘ < |F'(z)|

and on the interval [0, 1] we have —2 < —|2z| < —|2zsin 2|, so

2
~ cos —
T T2

1
-2< stmﬁ‘§|F'(x)|

~ cos —
z 2

So to show that fol |F'(x)|dx is infinite, we just need to show that

1
al:JC:Q/1
0 T

4

2

1
— oS — dr = 0o
o |z T

COS —
12



Using Mathematica, we find that |cos :%2| > % on the disjoint intervals

3 1/2 3 1/2
En - (ana bn) = 7N y\ 2 1N
m(6n + 1) m(6n —1)
Then we define E = {J;”, E,. Since |cos(1/2?)| > 3 on E, we have xg < |cos 25|. Then
! "1 1 b ]
/0 - dz > /0 SXe()—dr = / —dx = Z/ —dx = Z/ —dx
1 I 1 6n + 1
=—->»1 —1 = 1 =1
2; 0g(bn) — log(an) Zog< ) ;2Og(6n—1>

This final sum is divergent since the terms do not even converge to zero. Thus our integral
diverges, so F'(x) is not integrable on [—1, 1]. O]
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Proposition 0.6 (Exercise 14a). Let F' be a continuous function on |a,b]. Then define

D*(F)(x) = limsup Flzt+h) = Flz)
h—0, h>0 h

The function DT (F) is measurable.

Proof. We need to show that for a € R, the set
Ey,={zeR:D"(F)(z) > a}

is measurable. Define G,(z) = F(z) — aw. Then

DY (F)(z) > a < F(x + h) — F(z) > ha for some h > 0
< F(z+h) —za—ha> F(z) — 2o for some h > 0
< Gu(r+h) > Gu(x) for some h > 0

Thus
E, ={x € R: there exists h > 0 so that G,(z + h) > G,(2)}

Note that since F' is continuous, so is G,. Thus by the rising sun lemma (Lemma 3.5 in Stein
and Shakarchi), F, is open or empty for each . Thus it is always measurable, so D*(F) is
a measurable function. O]

Proposition 0.7 (Exercise 14b). Let F' be a bounded increasing function on [a,b] and let
J(x) =307 anjn(x) be the jump function associated to F. Then

lim sup J(z+h)— J(z)
h—0 h

18 measurable.



Proof. For N € N define
N
In(x) =) anja(@)
n=1
and then for k,m, N € N with £ > m, define

JN(JZ' -+ h) — JN(ZC)

F,ivm(:v) = sup

L<ihl< h
Then since FyY,, is measurable,
J(x+h)—J(x
lim FY = sup (z+h) (@)
N—o0 ? %Slh\éi h

is measurable. Now we take the limit as & — oo, to get that

J(z+h)— J(x)
h

J(z+h)— J(z)
h

lim sup
oo Ljhi<t
m

= sup
0<|h|< =

is measurable. Finally, taking the limit as m — oo, we get

J(z+h)— J(z)
h

J(z+h)— J(z)
h

lim sup
m—o0 0§|h|§%

= lim sup ‘
h—o00

is measurable, as claimed.



